We perform relativistic configuration-interaction calculations of the energy levels of the low-lying and coreexcited states of beryllium-like iron, Fe 22+ . The results include the QED contributions calculated by two different methods, the model QED operator approach and the screening-potential approach. The uncertainties of theoretical energies are estimated systematically. The predicted wavelengths of the Kα transitions in berylliumlike iron improve previous theoretical results and compare favourably with the experimental data.
I. INTRODUCTION
Highly charged iron produces some of the brightest X-ray emission lines from hot astrophysical objects, such as compact X-ray binaries, galaxy clusters and stellar coronae. The Kα spectral features of iron have been detected in the spectra of nearly all classes of cosmic X-ray sources, because of their high transition rate, low intergalactic absorption as well as the high relative abundance of iron in the Universe. Moreover, iron has been found an important element for the diagnostics of hot laboratory plasma, notably in magnetic nuclear fusion and tokamaks. Since the Fe Kα line typically contains the contributions from different charge states, its analysis provides useful information about the equilibrium and nonequilibrium charge-state distributions of ions as well as about the electron and ion temperatures in the plasma.
In view of this importance of the Fe Kα line for astrophysics and laboratory diagnostics, accurate theoretical predictions are needed for the reliable identification and interpretation of experimental spectral data. The simplest ion contributing to the Kα line is the helium-like ion. Ab initio QED calculations are available for these ions [1] , whose accuracy is significantly higher than the present experimental precision. For more complicated ions, however, no full-scale QED calculations of Kα transitions have yet been performed, and one has to rely on some kind of relativistic calculations complemented by an approximate treatment of QED effects.
In our previous investigation [2] , we performed a relativistic configuration-interaction calculation of the Kα transitions in lithium-like ions, including iron. In that work, the QED effects were taken into account within the one-electron screening-potential approximation. Theoretical results obtained in there agreed well with the recent experimental data [3] , the theoretical precision being slightly better than the experimental one.
In the present study, we apply this approach to a more complicated system, the beryllium-like iron. For this ion, we calculate the energy levels of 5 lowest-lying and 18 core-excited states. When combined with the data available for the heliumand lithium-like ions, accurate theoretical results cover almost all experimentally observed Fe Kα transitions in the region between 1.850 and 1.880Å [4] .
The paper is organized as follows. In the next section, we
give a brief outline of our computation method with emphasis on new features as compared to the previous investigations. Sec. III then presents the results of our calculations and compares them with the previous theoretical and experimental data. Relativistic units = c = 1 and charge units e 2 /4π = α are used throughout this paper.
II. METHOD OF CALCULATION
We perform our calculations of the energy levels in two steps. On the first step, we solve the Dirac-Coulomb-Breit eigenvalue problem by means of the configuration-interaction (CI) method. On the second step, we calculate the QED correction, which is then added to to the CI energy. The nuclear recoil effect is small when compared to the total theoretical uncertainty and thus is taken into account by means of the reduced mass prefactor (i.e., nonrelativistically and neglecting the mass polarization).
A. Dirac-Coulomb-Breit energy
In relativistic quantum mechanics, the energy of an atom E is given by the eigenvalue of the Dirac-Coulomb-Breit (DCB) Hamiltonian H DCB ,
where Ψ ≡ Ψ(P JM ) is the N -electron wave function with given parity P , total angular momentum J, and angular momentum projection M . The DCB Hamiltonian is conventionally defined by
where the indices i, j = 1, . . . , N numerate the electrons, h D is the one-particle Dirac-Coulomb Hamiltonian, and V C and V B are the Coulomb and the frequency-independent Breit parts of the electron-electron interaction, see, e.g., [5] for details. It is assumed that H DCB acts in the space of the wave functions constructed from the positive-energy eigenfunctions of some one-particle Dirac Hamiltonian (the so-called no-pair approximation).
In the CI method, the eigenfunctions Ψ(P JM ) of Eq. (1) are represented by a (finite) sum of the configuration-state functions (CSFs) with the same P , J, and M ,
where γ r denotes the set of additional quantum numbers that determine the CSF. The CSFs are constructed as linear combinations of antisymmetrized products of one-electron orbitals ψ n . In the present work, the one-electron orbitals ψ n are solutions of the frozen-core Dirac-Fock equation.
The energy of the system is given by one of the roots of the secular equation
where "det" denotes the determinant of the matrix. The elements of the Hamiltonian matrix are represented as linear combinations of one-and two-particle radial integrals (see, e.g., [5] ),
Here, a, b, c, and d numerate the one-electron orbitals, d rs and v
rs are the angular coefficients [6] [7] [8] [9] , I(ab) are the oneelectron radial integrals, and R k (abcd) are the relativistic generalization of Slater radial integrals [10] .
Our implementation of the CI method has been described in the previous papers [2, 11, 12] . We shall therefore discuss here only those issues that are new to the present calculation. The first difficulty arises in the calculation of the coreexcited states, whose energies are well above the autoionization threshold, i.e., above the continuum of the valenceexcited states. For a large basis set we are using here, the atomic states of interest turn out to be very far away from the lowest eigenvalue of the Hamiltonian matrix. The numerical approach we were using previously for determining the eigenvalues of a large matrix (the implementation of the Davidson algorithm by Stathopoulos and Froese Fischer [13] ) was suitable for the computation of just the lowest (highest) matrix eigenvalues. In the present work, we use the Jacobi-Davidson algorithm as implemented within the JDQZ package [14, 15] . The JDQZ package, although significantly slower than the one by Stathopoulos and Froese Fischer, was able to provide us with eigenvalues and the corresponding eigenvectors around an arbitrary energy target far from the lowest eigenvalue.
Another new feature of the present calculations is the identification of computed levels in terms of the nonrelativistic LS coupling scheme. In our relativistic CI calculations we use the jj coupling scheme, which is natural in the relativistic case. In order to compare the computed levels with experiments and previous nonrelativistic calculations, we had to identify our calculated levels within the LS coupling scheme. In the case of the core-exited states of beryllium-like ions such identification is not straightforward (as it was in the case of lithium-like ions), because of the large number and high density of levels. In order to identify the levels, we calculated the expectation values of the squares of the orbital momentum operator L 2 and the spin operator S 2 with the eigenfunctions of the DCB Hamiltonian. The matrix elements of the L 2 and S 2 operators are obtained as
and
where the angular coefficients d rs (ab) and v An essential part of the present calculation is the systematic estimation of the uncertainties of the obtained theoretical predictions. For each atomic state of interest, we perform our CI calculations with many (typically, about 20) different sets of configuration-state functions. From these computations, we then deduce an estimate of how well our CI results were converged, by analyzing the successive increments of the results obtained with the basis set being increased in various directions.
B. QED effects
The QED effects are calculated in the present work by means of two different approaches. By comparing the results from these approaches, we estimate the uncertainty of our treatment. The first method is based on summing up the self-energy and vacuum-polarization QED corrections calculated for each one-electron orbital in an effective screening potential. The total QED correction for a given many-electron state is obtained by adding the QED contributions from all one-electron orbitals, weighted by their fractional occupation numbers as obtained from the eigenvectors of the CI calculation,
Here, the index a runs over all one-electron orbitals contributing to the given many-electron state, q a is the occupation number of the one-electron orbital, Σ SE is the self-energy operator, ε a is the Dirac energy of the one-electron state a, and V VP is the vacuum polarization potential. This approximate treatment of QED corrections was used in our previous work on lithium-like ions [2] and similarly also by other authors, in particular, for beryllium-like ions by Chen and Cheng [16] .
Our second method of evaluating the QED effects is based on the model QED operator h QED formulated recently by Shabaev et al. [17] and implemented in the QEDMOD Fortran package [18] . The QEDMOD package is a tool that efficiently calculates matrix elements of h QED with the (boundstate) one-electron wave functions. In the present work, we add the model QED operator to the DCB Hamiltonian, essentially modifying the one-electron integrals I(a, b) of Eq. (5) in our CI code by
where κ a denotes the relativistic angular quantum number of the state a. If either a or b is a continuum state (i.e., max(ε a , ε b ) > m), the matrix element of h QED is assumed to be zero. The QED correction to the energy level is then identified by taking the difference of the CI eigenvalues with and without the h QED operator. A comparison of the results of these two approaches for evaluation of QED correction is presented in the next section.
III. RESULTS AND DISCUSSION
In Table I we present an example of our CI calculation of the Dirac-Coulomb-Breit energy for the 1s2s2p 2 3 P 0 state of beryllium-like iron. The various contributions in this table are obtained by analyzing the results of calculations with 17 different sets of basis functions. These basis sets are obtained by varying the number of partial waves included (i.e., the largest value of the orbital momentum l of one-electron orbitals), the size of the basis for each partial wave, and by including or omitting the Breit interaction. By extending the basis set and taking the differences of the results, we identify the contributions of individual partial waves and check the stability of the results for each partial wave with regard to the number of basis functions. The analysis is supplemented by estimating the tail of the expansion by polynomial least-squares fitting of the increments in 1/l.
The contribution of the triple excitations was found to be very small in all cases relevant for the present work. We thus perform the main part of our calculations with single and double excitations only, and estimate the contribution of the triple excitations separately within a smaller basis. The partial-wave expansion was truncated at l = 4, with the contribution of the higher-l multipoles being estimated by extrapolation. The typical size of the basis set was of about N = 30, 000 functions. The results presented in Table I are well converged with respect to the number of partial waves as well as to the number of the basis functions. For higher excited states, however, the convergence of the partial-wave expansion becomes slower and, more importantly, the stability of the results with regard to the number of basis functions drops down. The latter problem is associated with the interaction of the reference core-excited state with the continuum of valence-exited states, which is difficult to describe accurately. For each atomic state of interest, we perform a separate analysis of the convergence with different sets of basis functions and estimate the uncertainty of the theoretical result based on this analysis.
In Table II we present results for the QED correction for selected states of beryllium-like iron. As described above, the calculation is performed by two different methods, namely, the model QED potential approach (QEDMOD) and the direct calculation of QED corrections in a screening potential. In the latter case, we use two different screening potentials, the coreHartree (CH) potential and the localized Dirac-Fock (LDF) potential. The definition of these potentials is the same as in our previous works [2, 12] . Indeed, we observe fair agreement between the QED corrections obtained by the different methods. In the case of core-excited states, the difference between the results remains well within the 1% range. For the ground and valence-excited states, the deviation is noticeably larger, on the level of 2%. This is explained by a relatively large effect of screening of one 1s electron by another 1s electron, which is not well described by approximate methods.
As a final result for the QED correction we take the value obtained by the model QED operator approach. The uncertainty of this value was estimated by taking the maximal difference between the three results. For the ground and the 3,1 P 1 valence-excited states, our calculation can be compared with the previous investigation by Chen and Cheng [16] , in which the screening-potential approach with the Kohn-Sham screening potential was used. We observe that their results are smaller and slightly outside of our error bars.
From our analysis, we conclude that the uncertainty of the theoretical predictions for the ground and the valence-excited states of beryllium-like iron mainly arises from the uncertainty of the QED treatment. A more rigorous QED calculation, similar to that for lithium-like ions [19, 20] , would improve the theoretical accuracy for these states. In contrast, for most of the core-excited states, the theoretical uncertainty comes both from the QED effect and from the DiracCoulomb-Breit energy. Table III presents the calculated energy levels of berylliumlike iron. For the ground 1s 2 2s 2 1 S state, the total energy is listed, whereas the relative energies (with respect to the ground state) are given for the excited states. Our results are compared with the NIST compilation based on experimental and theoretical data [21, 22] , with the relativistic CI calculation by Chen and Cheng [16] , as well as with the experimental results [3, 23] . The estimated fractional accuracy of our theoretical energies of the core-excited states is of about 2 × 10 −5 . The overall agreement with the NIST compilation data is quite good, although we observe significant deviations up to ten times our estimated uncertainty for a number of coreexcited states. Notably, this is the case for the 1s2s
state, where excellent agreement is found with the recent measurement [3] , well within the given error bars. Finally, our theoretical results for the wavelengths of the Kα transition lines of beryllium-like iron are presented in Table IV, together with the experimental results [3, 4, 24] , the previous calculation by the 1/Z perturbation theory [25] , as well as the NIST spectral line compilation. The labelling of the transition lines was taken from Ref. [4] . As seen from this table, different transition lines are often very close to each other, so that small shifts in the theoretical predictions might cause changes in the line ordering. In particular, our calcu- lations lead to re-assignment (interchange) of the E3 and E4 lines as well as the E8 and E9 lines, respectively. The overall agreement of our calculations with the experimental results is very good, our results being more accurate than the older astronomical measurements [4, 24] but several times less precise when compared with the latest laboratory data [3] .
IV. CONCLUSION
In summary, we performed relativistic CI calculations of the energy levels of the ground, 4 valence-excited and 18 coreexcited states in beryllium-like iron, Fe 22+ . Dirac-CoulombBreit energies from extended CI calculations were combined with separately computed QED corrections. The QED corrections were obtained by two approximate methods, the model QED operator approach and the screening-potential approach. From the comparison of these two approaches we were able to estimate the uncertainty of the overall QED shift. The uncertainty of the Dirac-Coulomb-Breit energies was estimated on the basis of an analysis of the convergence of the CI results with respect to the number of terms of the partial-wave expansion and the number of the one-electron basis functions. The results obtained for the wavelengths of the Kα transitions improve the previous theoretical calculations and compare favourably with the experimental data. 
